The Monte Carlo (MC) procedure for sampling the hadron yields within hadron resonance gas (HRG) model is presented. The effects of excluded-volume due to the finite hadron eigenvolumes and of exact charge conservation within the canonical ensemble (CE) formulation are simultaneously taken into account with the help of the importance sampling technique combined with the rejection sampling. The MC procedure allows to calculate arbitrary moments of the event-by-event hadron yields. Note that the CE formulation for the excluded-volume HRG has not been considered before.
I. INTRODUCTION
The hadron resonance gas (HRG) model denotes a class of popular simple models used to describe the thermodynamic properties of QCD in the region of temperature and baryon chemical potential where the hadronic degrees of freedom dominate. The HRG models give rather successful descriptions of different heavy-ion hadron yield data over a wide range of collision energies [1] [2] [3] [4] [5] [6] [7] [8] [9] . The HRG models have also been compared to and validated through the lattice QCD data, both for the thermodynamical functions of the hadron systems [10, 11] and for fluctuations and correlations of the conserved charges [12, 13] .
In its simplest form, the HRG system can be modeled as a multi-component gas of noninteracting hadrons and resonances. One usually refers to such a model as ideal HRG (I-HRG) model. It is argued [14] that by including resonances into the model, one can effectively include the interaction between the hadrons. Short-range repulsive interactions are usually considered within the excluded-volume (EV) approach. The thermodynamically consistent procedure to include hadron eigenvolumes was developed in Ref. [15] , and was often used in fits of the HRG model of chemical freeze-out properties [16] [17] [18] [19] , as well as for comparisons to lattice QCD data [20] [21] [22] [23] [24] [25] . Importance of the excluded-volume effects in a gas of glueballs in the Yang-Mills theory was recently pointed out as well [26] . Most analyzes which employ the excluded-volume HRG assume that all hadrons have the same eigenvolumes. However, the eigenvolume effects essentially cancel out in the hadron yield ratios and, thus, cannot affect the fit quality or the extracted values of the intensive chemical "freeze-out parameters", such as temperatures or chemical potentials. Recently it has been pointed out that thermal fits are extremely sensitive to the choice of different hadron eigenvolumes for different hadrons [27, 28] . If different massvolume relations for strange and non-strange hadrons are employed, a remarkable improvement of the fit quality of hadron yield data can be achieved over large range of collision energies [29] .
These eigenvolume HRG models are therefore particularly interesting.
Conserved charges are conserved only on average in the grand canonical ensemble (GCE), but differ from one microscopic state to another. The exact conservation of the conserved charges becomes important for smaller systems. Such exact conservation of charges can be enforced within the canonical ensemble (CE) [30] . The CE formulation of the I-HRG was successfully used to describe the hadron production data in small systems, such as (anti)proton-proton and e + e − collisions [9, [31] [32] [33] [34] . The CE strongly influences the strange [35] and charm [36] hadron multiplicities as the average total numbers of strange and charm charges are often not large (of the order of unity or smaller). It should be also noted that for systems of noninteracting particles the CE effects lead to noticeable suppression of particle number fluctuations for statistical systems even in the thermodynamic limit [37, 38] .
To the best of our knowledge, the CE formulation for the excluded-volume HRG is presently missing. Thus, the influence of EV effects on the thermodynamic properties within the CE was never explored. In the present paper a Monte Carlo (MC) procedure is proposed which allows to do exactly that.
The paper is organized as follows. Different versions of the excluded-volume models are considered in the GCE and the CE in Sections II and III, respectively. In Section IV the MC procedure is developed to calculate the moments of particle number distributions for the excluded-volume models, both in the GCE and CE. Section V presents the numerical results, and Section VI summarizes the paper.
II. EXCLUDED-VOLUME MODELS IN THE GCE
Our consideration will be restricted to the case of classical (Boltzmann) statistics. It is useful to define the single-particle function:
where g i and m i are the ith particle degeneracy factor and mass, respectively, T is the system temperature. In the single-component system the ideal gas GCE partition function reads (z i ≡ z):
where V is the total volume of the system and µ is the chemical potential. The number of particles N is fixed in the CE, and has the Poisson distribution,
in the GCE with average value N = exp(µ/T )zV .
A. van der Waals excluded-volume model
In the van der Waals excluded-volume model (vdW-EV) the volume V is substituted by the available volume V av = V − vN, where v = 16πr 3 /3 is the eigenvolume parameter and r is the effective hadron radius parameter. This results in the following GCE partition function
where the θ-function ensures that the sum of eigenvolumes of the particles does not exceed the total system volume. In the thermodynamic limit, i.e. when V → ∞, the system pressure is calculated as [15] 
where
T z is the GCE pressure of the ideal gas, and n id is the ideal gas particle number density. The particle number density in the EV model can be calculated as
In the GCE one finds that the particle number N fluctuates around its average value N = V n. A useful measure of the particle number fluctuations is the scaled variance ω[N]. It was calculated analytically in Ref. [39] :
see also Ref. [40] . Note that analytical expressions in Eqs. (4)- (6) are obtained in the thermodynamic limit V → ∞. At v = 0 they are reduced to the ideal gas expressions. In particular, the particle number distribution P(N) is transformed to the Poisson distribution with ω[N] = 1.
B. Carnahan-Starling Model
One can go beyond the standard vdW-EV procedure. The Carnahan-Starling (CS) model [41] leads to a better consistency with the equation of state for classical system of hard spheres.
This model has recently been applied to hadronic systems [42] [43] [44] . The GCE partition function in the CS model can be written as
where η = v N/(4V ) is the packing fraction.
In the thermodynamic limit the pressure is the following
The GCE particle number density n(T, µ) and scaled variance ω[N] can be calculated in the framework of the thermodynamic mean field approach [42, 45, 46] 
In what follows we consider both the CS and vdW-EV approaches in order to demonstrate the flexibility of our MC procedure with regards to the variations in the EV mechanism.
C. Diagonal Eigenvolume Model
The single-component vdW-EV model was generalized to the multi-component case in
Ref. [16] . It was assumed that the available volume is the same for each hadron and equals to the total volume minus the sum of the eigenvolumes of all hadrons in the system. The GCE partition function has then the following form for the f hadron species (i, j = 1, . . . , f ):
We refer to Eq. (11) as the diagonal eigenvolume (DE) model. It gives a simple expression for the pressure as a function of temperature and hadron densities in the thermodynamic limit
where the sums go over all types of particles included in the model, and where v i = 16πr 3 i /3. In the GCE one has to solve one non-linear equation for the pressure,
The GCE number densities are then calculated as
The DE model (12) (13) (14) is the most commonly used one in the thermal model analysis. For f = 1, the DE model is reduced to the vdW-EV model and reproduces correctly the 2nd virial coefficient for the system of hard spheres. However, the DE model does not treat correctly the cross-terms in the virial expansion of the multi-component gas of hard spheres.
D. Non-diagonal Eigenvolume Model
In order to get consistency with the virial expansion for a multi-component system of hard spheres we use the model proposed in Refs. [28, 47] . The GCE partition function in this model reads
with b ij being the components of the symmetric matrix of the 2nd virial coefficients [48] . We refer to the model given by Eqs. (15) and (16) as the non-diagonal eigenvolume (NDE) model 1 .
The pressure of the NDE model has the following form in the thermodynamic limit
where the P i quantities can be regarded as "partial" pressures. In the GCE formulation one has to solve the following system of non-linear equations for P i :
Hadronic GCE densities n i can then be recovered by solving the system of linear equations connecting n i and P i :
III.
CANONICAL ENSEMBLE
In the CE, the conserved charges are conserved in each microscopic state of the system. This can be achieved by adding the corresponding Kronecker delta functions in the GCE partition function. For the four EV models described in the previous section one has the following CE partition functions:
In Eqs. (22) and (23) for multi-component systems, {Q} = Q 1 , . . . , Q c are the set of conserved charges and q
k is the kth charge of the particle species j. For a single-component case there we identify the single conserved charge Q with the particle number N, i.e. Q ≡ N.
For the ideal gas, i.e. for v i ≡ 0 in (22) orb ij ≡ 0 in (23), the thermodynamic properties can be calculated analytically [37] . To our knowledge, no approach has been developed to calculate the moments of the multiplicity distribution for the EV models in the CE formulation of HRG.
IV. MONTE CARLO APPROACH A. Grand Canonical Ensemble
The GCE partition functions listed in Sec. II determine the probability distribution of particle numbers at given values of the thermodynamic parameters for the corresponding excluded volume models. In most general case, the probability to have a microstate with a set of particles numbers (N 1 , . . . , N f ) has the form
where Θ(N 1 , . . . , N f ; V ) ensures that only the microstates where the sum of all proper particle eigenvolumes does not exceed the total volume of the system are considered, {µ Q } ≡ µ 1 , . . . , µ c corresponds to the independent chemical potentials which regulate the conserved charges Q 1 , . . . , Q c in the system. The function F (N 1 , . . . , N f ; V, T, {µ Q }) is a smooth function of particle numbers within the domain of allowed microstates. The chemical potential of ith particle species is
k is the kth charge of the ith particle. In the HRG the number of conserved charges is normally much smaller than the number of particle species (i.e., q ≪ f ). It is evident that F is defined up to a multiplicative factor which may depend on thermodynamic variables but is independent of the particle numbers.
Both the F and Θ functions are well defined for the models listed in Sec. II:
In the ideal gas limit the probability P (24) is reduced to a product of the f independent Poisson distributions, i.e. P ∝ Π where
The probability function P (24) cannot be decomposed into a product of independently distributed variables in the presence of finite eigenvolumes in a multi-component system. Thus, a straightforward sampling of particle numbers looks problematic. To avoid this problem we rewrite the probability P (24) in the following form
where Π({N i }; V, T, {µ Q }) is an auxiliary function, taken in the form of Eq. (34) with Poisson rate parameters N i which can, in general, be chosen arbitrarily and differently for different values of V , T , and {µ Q }. The Monte Carlo (MC) sampling of the particle numbers can be then performed with the help of the importance sampling technique (see e.g. [49] ). In practical calculations, the parameters N i should be chosen in a way so that the auxiliary distribution Π resembles the true distribution F as closely as possible. This helps to avoid oversampling of the "unimportant" low-probability regions and makes the statistical convergence faster. In our calculations we will utilize the multi-Poisson distribution in Eq. (34) Denoting the ratio F/Π as a weight w, the probability distribution can be written
The MC sampling procedure includes the following steps:
1. Sample the numbers (N 1 , . . . , N f ) from the auxiliary multi-Poisson distribution Π (34).
2. If the indicator function Θ (24) fails for the sampled numbers, then reject the event and go back to the first step. If Θ passes, then go to the next step.
3. Calculate the weight w = F/Π and accept the event with this weight.
4. Go back to step 1 to generate a new event, or terminate the procedure if the desired number of the generated events is achieved.
Let us have l = 1, . . . , M samples of particle numbers {N i } l with weights w l . The sample mean of any function f (N 1 , . . . , N f ) of the particle numbers is calculated in the following way
In the limit M → ∞ the sample mean will converge to the GCE expectation value, i.e.
The statistical error estimate for
B. Monte Carlo Method in the Canonical Ensemble
In the CE, the conserved charges {Q} = Q 1 , . . . , Q c in the system are fixed to their exact values in each microscopic state. The exact charge conservation is enforced by adding the corresponding Kronecker delta functions into the probability distribution, i.e.
P({N
Similarly to the GCE, the MC approach within the CE proceeds by introducing the product of auxiliary Poisson distributions, i.e.
The MC sampling in the CE includes only one additional step compared to the corresponding procedure in the GCE: if the generated configuration does not satisfy the exact charge conservation laws then it is rejected. Our approach is quite similar to the importance sampling in an ideal HRG in the micro canonical ensemble performed previously in Refs. [50, 51] . In fact, we use the multi-step procedure of Ref. [51] for sampling the CE particle yields, which are subject to the constraint of exact charge conservation. This algorithm gives a significant performance boost as compared to a straightforward independent sampling of all particle multiplicities from a multi-Poisson distribution.
The procedure described above can also be applied to a HRG with van der Waals interactions [52, 53] . This model contains, in addition to excluded volume effects, the attractive interactions between hadrons in the mean-field approximation. The details of the corresponding MC procedure are given in Appendix.
V. CALCULATION RESULTS

A. Finite-size Effects in the Grand Canonical Ensemble
Let us consider first a single-component gas with EV interactions in the GCE in the vdW-EV model. When the EV effects are present, the intensive quantities depend explicitly on the total system volume. Particularly, the particle density equals to zero if the system volume V is smaller than the eigenvolume of a single particle. The finite-size effects cannot be described by the analytic formulas presented in Sec. II, as they all are derived under the assumption of the thermodynamic limit. However, these effects can be studied with the help of the MC procedure described in Sec. IV.
We consider a simple example to illustrate the finite-size effect. We assume a singlecomponent gas of particles with the mass of 1 GeV, which is a typical energy scale for hadronic systems. We consider the vanishing chemical potential, i.e. µ = 0, and a temperature of T = 150 MeV. In order to mimic the presence of large number of hadron states in a realistic HRG we use a rather high degeneracy factor of g = 150 in our calculation. This is important as the magnitude of the eigenvolume effects scales with the total number of the finite-sized hadrons in the system.
The system-size dependence of the particle number density, n = N /V , is calculated using the MC method. Additionally, we consider the scaled variance, ω[N], of the particle number fluctuations. The Poisson rate parameter N in the auxiliary distribution Π (34) is taken to be N = n EV (T, µ = 0; r) V , where n EV (T, µ = 0; r) is the particle number density in the thermodynamic limit (V → ∞), calculated analytically using Eqs. (4) and (5). The dependence of n on the total system radius R (defined as V ≡ 4πR 3 /3) is depicted in Fig. 1 The number of terms in the GCE EV partition function (11) is finite due to the presence of the θ-function. Thus, it is also possible to calculate the moments of the multiplicity distribution analytically, by explicitly summing over all N-states. More specifically, the GCE average of arbitrary function f (N) of the particle number is calculated as the following
We have performed such a calculation in order to cross-check our MC results. The results of these analytic calculations are shown in Fig. 1 by solid lines and they are fully consistent with the MC results. Note that a calculation of a direct sum over all states in the grand canonical partition function becomes numerically intractable in the multi-component gas with a large number of components. The MC procedure, on the other hand, does not suffer from such a complication.
As seen from Fig. 1a , both the analytical and the MC calculations exhibit the presence of a small region where the particle number density locally decreases with an increase of the system volume for r = 1 fm. A pronounced presence of such region(s) was also verified for larger values of particle radius parameter r. This result seems counterintuitive. Recall, however, that the particle density is given as the ratio n ≡ N /V . The number of terms N tot = ⌊V /v⌋ in Eq. (42), which is used to calculate N , is finite. The N tot increases by one once the ratio V /v reaches the next integer number. However, until that happens, the N tot value is fixed and this severely limits the growth of N with V . For this reason, the ratio n = N /V can locally be a decreasing function of V . The same mechanism is responsible for appearance of non-monotonous regions in the V -dependence of the scaled variance, ω[N], seen in Fig. 1b . On the other hand, the dependence of N on V remains strictly monotonically increasing in all cases.
The MC procedure is quite flexible to the variations in the excluded volume mechanism used.
We perform the calculations for the CS model in order to illustrate this fact. The dependence of the particle number density on the system radius R is shown in Fig. 2 . A difference between the EV and the CS models is most significant for large values of particle radius parameter r and/or The dependence of the GCE particle number density n on the total system radius R calculated within the EV (black) and Carnahan-Starling (red) models for hard-core radius of r = 1 fm.
The solid lines show the analytic results obtained by the direct summation of the grand canonical partition function. All system parameters are the same as for calculations shown in Fig. 1 .
at high particle number densities. Thus, we only show the results for the case r = 1 fm. In the CS model, the particle number density n approaches from below the corresponding limiting value (9) with increasing system size R. The calculations also show that CS values of n are generally larger then the EV ones at all values of R.
B. Simultaneous Effects of Canonical Ensemble and Excluded-Volume
In order to study the excluded-volume effects in the CE we consider a two-component system of particles and antiparticles. The degeneracy factor of g ± = 75, the particle mass of m ± = 1 GeV, zero net charge, Q = N + − N − = 0, and the system temperature T = 150 MeV are employed. Using the MC method we calculate the system-size dependence of the (anti)particle number density n ± and the scaled variance ω[N ± ]. The MC CE and the MC GCE results for analytically in Ref. [37] .
four different values of the particle radius parameter are shown in Fig. 3 .
The MC results for n ± and ω[N ± ] at r = 0 can be directly compared to the analytical results for the ideal gas obtained in Ref. [37] . Our MC calculations are fully consistent with these analytical results (shown by black solid lines). In particular, ω[N ± ] = 1/2 at R → ∞.
The analytic results for r > 0, obtained from a direct summation of the partition function, are also shown in Fig. 3 by the colored solid lines. They are fully consistent with the MC results. The presence of the CE effects due to the exact charge conservation leads to a further suppression of n ± at a finite R, in addition to the suppression resulting from the EV effects.
The same is generally true for ω[N ± ]. There is, however, one important difference. The CE suppression effects for n ± disappear in the thermodynamic limit R → ∞ and only the EV suppression effects remain, whereas both the CE and the EV suppression effects for ω It is seen from Fig. 3a that there is a minimum system volume, below which the particle number density is strictly zero, similar to the GCE case. However, this minimum volume is approximately twice larger in CE as compared to the GCE. The reason is that no microstate with a single particle is permitted in the CE since that would violate the exact charge neutrality condition. The presence of an antiparticle for each particle is required. Therefore, the minimum system volume has to accommodate at least two particles with a finite eigenvolume.
C. Hadron number fluctuations in HRG
The MC formulation of the full HRG model can be used to describe the hadron yields and their fluctuations in the presence of both the EV interactions and the exact charge conservation effects.
To illustrate the role of both EV and exact charge conservation effects in HRG a system with zero conserved charges, B = S = Q = 0, will be considered at first. It may correspond to hadron states created in pp or e + e − reactions. Three values of the hadron hard-core radius, r = 0 (ideal HRG), 0.3 fm, and 0.5 fm, same for all hadron species, are considered within that the approach of ω[N p ] to the CE thermodynamic limit is slower when a larger value of r is used, as seen in Fig. 4(b) . The physical reason is that, at a fixed system volume, the EV effects reduce the number of particles in the system, thereby effectively moving the system farther away from the thermodynamic limit.
D. Fit of the Hadron Yields in p+p Collisions
The CE formulation of HRG can be used to describe the hadron yield data in collisions of small systems, such as (anti)proton-proton and e + e − collisions. Previously, only the noninteracting HRG was used in such studies [9, [31] [32] [33] [34] . Here we will demonstrate the effect of the finite hadron eigenvolumes on chemical freeze-out parameters. For this purpose we analyze the hadron yield data of the NA61/SHINE Collaboration in inelastic proton-proton interactions at beam laboratory momentum p lab = 31, 40, 80, 158 GeV/c [54] . The experimental data contains
These data were recently analyzed in Ref. [9] within the ideal HRG in the CE. It was found that the data can be reasonably well described with three chemical freeze-out parameters: temperature T , system radius (volume) R, and the strangeness undersaturation parameter γ S .
To illustrate the effect of finite hadron eigenvolumes on chemical freeze-out parameters let us consider a simple case when all hadrons have the same hard-core radius r. Hadron densities become suppressed compared to the ideal gas. In the GCE, the suppression factor is the same for all hadron species. Thus, the extracted T and γ S do not change. On the other hand, due to the suppression of the densities the total freeze-out volume will be larger compared to the ideal gas. It is also likely that eigenvolume corrections will not cancel out exactly within the CE formulation. Still, one expects the system volume to be affected most strongly. Thus, we fix T and γ S to the values which were previously obtained within the ideal HRG model and only vary the system radius R. Three values of the hadron hard-core radius, r = 0, 0.3 fm, and 0.5 fm are considered in the MC calculations. A presence of the strangeness undersaturation parameter γ S is implemented by the substitution z i → γ (30) and (48), where |s i | is the sum of strange quarks and antiquarks in hadron species i. Note that direct analytic calculation of the average hadron yields from the partition function is infeasible here due to a very large number of components in the full HRG. This is quite different from simple systems considered in previous subsections.
The mean multiplicity N i is calculated as a sum of the primordial mean multiplicity N prim i and resonance decay contributions as follows
In contrast to analytic calculations, here the N prim i
and N prim R are calculated by averaging over the sufficiently large number of the weighted events in the MC approach.
The quality of the data description is quantified by χ 2 , defined as
where The minimum values of χ 2 for r = 0.3 fm and r = 0.5 fm are very similar to the ones at r = 0, i.e. no significant improvement or worsening of thermal fits is observed. The minima, however, are located at notably higher values of R compared to the ideal HRG model. This looks very similar to GCE results where the EV corrections are canceled out in the ratios of yields. Note, however, that both the temperature T and the γ S parameter were fixed and had
the same values at all R. Thus, the R-dependencies of the χ 2 shown in Fig. 5 should not be mistaken for the χ 2 profiles of parameter R, as neither T nor γ S were fitted at each value of R. One should simultaneously fit all three parameters (T , γ S , R) in order to make a stronger conclusion. Evidently, the χ 2 profiles may show a wider minima. A more complicated picture The MC formulation of the eigenvolume HRG in CE is used. All hadrons are assumed to have the same hard-core radius of r = 0 (black symbols), 0.3 fm (red symbols), and 0.5 fm (blue symbols).
The solid black lines show the results of the analytical calculation of the χ 2 within the ideal HRG.
The dashed lines depict the parabolic fits to the corresponding MC results in the vicinity of the χ 2 minimum (see text). The parameters T and γ S are fixed at each collision energy and are taken from the ideal HRG model fits performed in Ref. [9] .
can also be expected in EV models with different eigenvolume parameters for different hadron species. These extensions of the MC calculations are beyond the scope of the present paper.
VI. SUMMARY
In summary, we have presented the Monte Carlo (MC) procedure for sampling the hadron yields within the hadron resonance gas (HRG) model in the grand canonical (GCE) and canonical ensembles (CE). Both the excluded-volume effects and the exact charge conservation effects are taken into account simultaneously, with the help of the importance sampling technique.
The MC procedure allows to calculate arbitrary moments of the event-by-event hadron yields.
To the best of our knowledge, the CE formulation for the excluded-volume HRG had previously been missing.
The MC simulations coincide with the previously known analytical results for the limiting cases of the excluded-volume HRG in the GCE for large enough system volumes and for the CE of non-interacting particles. The MC results for the CE excluded-volume model are new as these systems were not discussed previously in the literature. Besides, the finite-size effects are observed. These effects are usually neglected in the analytical models and they exist for both particle number densities and event-by-event fluctuations in the CE and the GCE.
We have applied the MC procedure within the full HRG model to study the simultaneous excluded-volume and CE effects on the description of hadron yields and event-by-event fluctuations. In particular, it is shown that the excluded-volume and the exact charge conservation effects on the fluctuations of number of positively or negatively charged particles are significant and of similar magnitude. Also, the effects of excluded-volume on the CE thermal fits to hadron yield data of the NA61/SHINE Collaboration in proton-proton collisions have been illustrated.
The simultaneous consideration of the effects related to the hadronic interactions and the exact charge conservation is important for analysis of the event-by-event fluctuations measured in heavy-ion collisions. These effects have to be taken into account for correct interpretation of the data. In particular, this concerns the 2nd and higher order susceptibilities of net-proton and net-charge fluctuations, which are being measured by the STAR collaboration [55] [56] [57] in the search for the QCD critical point.
functions (see Sec. III for details):
The F and Θ functions, which define the MC procedure described in Sec. IV, are the following:
